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Study guide 


There are five sections to this chapter. They are 
intended to be studied consecutively in five study 
sessions. Section 2 requires the use of a video 
player and Section 5 requires the use of the 
computer together with Computer Book A. 


The pattern of study for each session might be as 
follows. 

Study session 1: Section 1. 

Study session 2: Section 2. 

Study session 3: Section 3. 

Study session 4: Section 4. 

Study session 5: Section 5. 


Each session requires two to three hours, the 
longest being the second and the fourth. 


Before studying this chapter, you should be 
familiar with the following topics: 


© the notations (a,b), a,b], and so on, for open 
and closed intervals of R; 


© the concept of a real function; 


© basic properties of the trigonometric functions 
sine, cosine, tangent, cosecant, secant and 
cotangent, and the function arctan; 


© exact values of sin, cos@ and tan @ for 


9 = +n, 47, 37m and related angles; 


© scaling and translation of the graphs of real 
functions. 


The optional Video Band A(iv) Algebra 


workout — Trigonometry could be viewed at 
any stage during your study of this chapter. 


Introduction 


The mathematical concept of a function, which acts as a processor 
converting inputs to outputs, is remarkably versatile. In this chapter we 
concentrate on functions that arise from geometry. ‘This means that the 
inputs and outputs of the functions we consider consist of points from the 
Cartesian plane or from the real line. 


Broadly speaking, geometry is about the properties of figures in the plane 
or in space. For example, given two ellipses in a plane a typical 
geometrical question is to ask whether the two ellipses are congruent — 
that is, have the same size and shape. A simple thought experiment 
suggests a way to answer this question. Just pick up one of the ellipses and 
attempt to superimpose it on top of the other ellipse. If the two ellipses 
coincide exactly, then we can conclude that they do indeed have the same 
size and shape. 


This experiment raises several questions. What is the best way to describe 
a figure (such as an ellipse) so that we can manipulate it mathematically? 
How do we represent the movement of a figure from one position in the 
plane to another? ‘These and many other questions can be answered using 
the language of functions. In this chapter the use of this language is 
illustrated by continuing the investigation of the shape of quadratic curves 
begun in Chapter A2. 


In Section 1, the general definition of a function is given, and illustrated 
with several geometrical examples. You will see ways of representing these 
functions graphically. 


Section 2 introduces functions called zsometries that can be used to move 
figures in the plane, by translating them, rotating them about the origin, 
or refiecting them in a line through the origin. You will see that two or 
more of these basic functions can be applied in succession to produce more 
general composite functions. 


In Section 3, rotations are used to derive trigonometric sum formulas. 
These are then used to develop further trigonometric formulas and 
techniques that will be needed in Section 4. 


Section 4 continues the investigation of quadratic curves started in 
Chapter A2. In particular, a strategy is developed for sketching any 
quadratic curve with equation of the form 


Az? + Bry+Cy*?+F=0 (where B40). 
Section 5 contains all the computer work for the chapter. You will see how 


to use the computer to plot triangles and conics, before and after they 
have been moved by various isometries. 


1 Functions 


Real functions were 
introduced in MST121, 
Chapter A3, Section 1. 


Other words for function are 
mapping and, in geometric 
contexts, transformation. 


To indicate that the sets X 
and Y are general, they are 
shown here as ovals. 
Individual elements (or 
members) of sets are shown 
as points. 


This notation is read as: 
‘the function f from X to Y 
which maps x to f(x)’. 
Notice the different types of 
arrows used. 


1.1. What is a function? 


The concept of a function provides a convenient language with which to 
discuss a wide variety of situations in which a mathematical process is 
applied to given inputs in order to produce required outputs. For example, 
the expression 


f(z) = Vx 


defines a function called f. This function f takes non-negative real 
numbers x as inputs and applies the process of taking the square root of x 
to produce non-negative real numbers \/zx as outputs. In particular, on 
inputting the number 4, we obtain the output 4 = 2. Such a function f, 
whose inputs and outputs are all real numbers, is called a real function. 


(x > 0) (1.1) 


Real functions are ideal for manipulating numerical data but in other 
contexts, such as geometry, the inputs and outputs may not be real 
numbers. For example, they may be points in the plane, or even sets in the 
plane (such as conics). Therefore, a general concept of ‘function’ is 
introduced; it is illustrated as a ‘processor’ in Figure 1.1. 


A function f is defined by specifying: 
(a) aset X, called the domain of f; 


(b) a set Y, called the codomain of f; 


(c) arule, or process, that associates with each x in X a unique y 
in Y; we write y = f(x) and call f(a) the image of x under f. 


rule/process 
oie 


Figure 1.1 A function f as a processor 


domain X 


codomain Y 


When specifying such a general function, the following two-line notation, 
that summarises the content of Figure 1.1, is often used. 
f:X —Y 
cr— f(z) 
To illustrate this notation, consider the real function f defined in 
equation (1.1). Here the set of input values is the interval [0, 00), so this 
set is the domain. The codomain can also be taken to be [0, 00), since all 


output values lie in [0,00), or any larger set such as R itself. For simplicity, 
we usually take the codomain of a real function to be R. 


The rule of f can be expressed either as f(x) = \/x or as x +> \/x. So we 
can specify f using the notation 


f :[0,co) —R 
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This two-line notation appears somewhat cumbersome compared to 
equation (1.1), for which it has to be assumed that the codomain is R. For 
more general functions it is helpful to use the two-line notation, which 
makes clear the domain, codomain and rule of the function. To indicate 
only the domain and codomain of the function, we simply write 


f:X —Y. 
The word ‘function’ was coined by the German mathematician and 
philosopher Gottfried Wilhelm Leibniz, and the notation f(a) was first Both Leibniz (1646-1716) and 
used by the Swiss mathematician Leonhard Euler. The two arrow Euler (1707-1783) made 
notations for functions were introduced in the 20th century, with major contributions in many 


f : X —+Y first appearing around 1940 and the barred arrow 2+— f(x) areas of mathematics. Leibniz 
in the earlv 1960s. invented calculus, at about 


the same time as Newton, and 
In this section, we consider two types of function arising from geometry. In Euler was the most prolific 
each case, the domain and codomain are subsets of R or of the Cartesian mathematician of all time. 
plane. The standard notation for this plane is R’, reflecting the fact that Pronounce R?, as ‘R two’. 
each point in the plane can be represented as an ordered pair of real 
coordinates; see Figure 1.2(b). 


(a) 


Figure 1.2 Line R and plane R° 


1.2 Two geometric functions 


Each of the functions introduced in this subsection is related to the 
quadratic curve with equation 


oy = ibe — 18y— 11 =o See Chapter A2, Section 4, 


F y: 
This curve is an ellipse, which for convenience will be called EF throughout aie 


this subsection. 


A translation function 


In the previous chapter a method was developed for deciding if a quadratic 
curve such as F is an ellipse, a parabola, or a hyperbola. Since the 
equation of & can be rearranged, by completing the squares, in the form 


1 (a ay + ty i = | (1.2) This form of the equation 


2 , é : : ? ; ri ivalent t 
it follows that £ is an ellipse with centre at the point (2,1). For if (a, y) is ee 


any point on FL, then (x,y) must satisfy equation (1.2), so the point (t= 2F a igi) a“ 
(x — 2,y — 1) lies on the ellipse in standard position with equation 9 4 
used in Chapter A2. 


x + ry? =. 


In Chapter A2, Section 4, 
Frame 1, the ellipse 

5x" + sy" = |] was translated 
onto E. 


Here the function name t is 
chosen for the translation. 
Using an appropriate name is 
not essential. 


Strictly speaking we should 
write t((4,5)) here, but the 
outer brackets are usually 
omitted to reduce clutter. 
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In other words, we can move from any point (x,y) on E to the point 
(x — 2,y — 1) on the ellipse in standard position by translating two units to 
the left and one unit down; see Figure 1.3, which shows both ellipses. 


standard 
ellipse 


Figure 1.3 Translating E onto the ellipse 5x? = 5 "ae 


The following activity will help to clarify what is happening here. 


Activity 1.1 Translating a point 


Use equation (1.2) to check that the point (5,1) lies on &. Write down the 
point obtained by translating (5,1) two units to the left and one unit 
down, and check that the translated point lies on the ellipse a? + 4y? = 1. 


A solution is given on page 48. 


Figure 1.3 shows the effect that the translation has on the ellipse &. But 
the same translation could, if we wished, be applied to any point (or set of 
points) of the plane R*. So let us forget about the ellipse for the moment 
and concentrate on how a function can be used to translate arbitrary 
points of the plane two units to the left and one unit down. 


Suppose that a processor calculates this translation. The processor has to 
accept any point (x,y) from R’, calculate the point (« — 2,y —1) and 
output the result back to R*. This suggests that we think of the 
translation as a function, t say, with domain and codomain R’. This 
function is defined in two-line notation as follows: 


a ee 
(2, y) —> (@— 2,y— 1). (1.3) 
For example, the image under t of the point (4,5) is the point 


(4,5) = (4—2,5—1) = (2,4). A function that describes a translation is 
called a translation function. For simplicity, such a function is often 


referred to as a ‘translation’. 


Activity 1.2 Using a translation function 


Determine the image of each of the points (1, —3), (2,7) and (—2,4) under 
the above translation function. 


A solution is given on page 48. 
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It is important to realise that the rule (x, y) +> (a — 2,y — 1) describes 
the effect of the translation t on each point (x,y) of the domain R*. Often, 
however, we are interested in the effect that a function has on a whole 
subset of points in the domain. For example, the conic E is a subset of the 
domain R° and we know that t translates this subset onto the ellipse 

a 7 ay" = 1. 

In general, let f : X —> Y be a function and A be a subset of X, as in 
Figure 1.4. Then the set of all images f(x) with x in A, is called the 
image of A under f, written f(A). 


f 
i a” 
; >) ( €& 
domain X codomain Y 


Figure 1.4 The image f(A) 


If the subset A is the domain X itself, then f(X) is called the image set 
of f; it is a subset of the codomain of f. 


For example, if ¢ is the translation function specified in equation (1.3) 
and F is the ellipse with equation (1.2), then t(£), the image of EF under t, 
is the ellipse $x? + ¢y? = 1. The domain of t is R* and the image set of t is 


t(R°) = R’. 


Activity 1.3 Finding a translation function 


Define a translation function ¢ that maps the ellipse $2? + ¢y” = 1 onto E, 
giving your answer in two-line notation. 


A solution is given on page 48. 


A parametrisation function 


Next we consider a function that can be used to plot points of E. It is 
based on the idea of parametrisation. The ellipse $2? + ty? = 1 has 
parametric equations 


a set, | Y= 2sint (= t= 2): 


Since £ is obtained by translating this ellipse two units to the right and 
one unit up (see Activity 1.3), it follows that E has parametric equations 


2420031, B=l+2smt (0<t< 2m). 
So, as t ranges through the interval [0, 27], the point 
(x,y) = (2+ 38cost, 1+ 2sint) 
traces out the ellipse LE. 


Now imagine that a processor supplies the points for this tracing process. 
The processor accepts a number t from the interval [0,27], calculates the 
point (2+ 3cost,1+2sint) using the rule t-— (2+ 3cost,1+ 2sint), 


If each point of a set A is also 
a point of a set X, then A is 
called a subset of X. This 
definition allows X to be 
thought of as a subset of 
itself. 


Notice that f(x) and f(A) 
are two quite different uses of 
notation. The first refers to 
the image of a point of the 
domain, whereas the second 
refers to the image of a subset 
of the domain. 


In general, the image set may 
or may not be the whole 
codomain. 


See Chapter A2, Section 5, 
for parametrisations of conics. 
Note that the letter t is used 
here for a parameter, as well 
as for a translation function. 
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and then outputs the result to be plotted in R°. Therefore this tracing 
process can be specified by a function, p say, with domain [0, 27] and 
codomain R’, as follows: 
p: [0,27] — R? 
tr (2+ 3cost,1+2sint). 
This function p is called a parametrisation function for FE. By calculating 


the image under p of any number in the domain |0, 27], we obtain a point 
on E; see Figure 1.5. For example, one point of F is given by 


p($7) = (2+ 3cos($7), 1+ 2sin(57)) = (2,3). 


domain [0, 27] 


2 
codomain R 


Figure 1.5 A parametrisation function for E 


By calculating enough of these images we can plot E (or get a computer to 
plot EF) to any desired accuracy. 


Activity 1.4 Using a parametrisation function 


For the above parametrisation function p, determine the images p(0), p(7) 
and p($n), and indicate them on a sketch of E. Describe the image set of p. 


A solution is given on page 48. 


The idea of a parametrisation function generalises as follows. 


Suppose that p: [1 —> R? is a function whose domain J is an interval 


The Greek letter [, capital of R, and whose image set is a curve I in R°. Then we say that p is a 


gamma, is often used to parametrisation function for I’. 
denote a curve. 


The idea behind this definition is illustrated in Figure 1.6. As the 
parameter t ranges through the interval J, its image p(t) traces out the 
curve [ in R’. 


Figure 1.6 A parametrisation function for a curve [ 
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Given a pair of parametric equations for a curve, we can define a 
parametrisation function for the curve. For example, the line segment 
joining the point (4,3) to the point (7,6) has parametric equations See MST121, Chapter A2, 


fe @ro, y=3+3t (0<t< 1). Section 4. 
Therefore one possible parametrisation function for the line segment is 
p: (0,1) —R 
pe (44+ 4,94 Bt). 


Activity 1.5 Finding a parametrisation function 


Write down a parametrisation function for each of the following curves. 
(a) the circle (x — 2)? + (y—5)? =4 

(b) the parabola y? = 8z 

(c) the right branch of the hyperbola $2? — 4y? = 1 


Solutions are given on page 48. 


1.3 Functions of two variables This subsection will not be 


assessed. 
So far you have seen 


© a function for which R* is both the domain and codomain (the 
translation function ¢), 


© a function for which R’ is the codomain but not the domain (the 
parametrisation function p). 


We now examine a function for which R? is the domain, but not the 
codomain. Such functions frequently arise when we measure some 
attribute of a point. For example, suppose we are interested in the 
distance from any given point (x,y) to the origin, as shown in Figure 1.7. 


YA 


Figure 1.7 Distance to the origin 


Pythagoras’ Theorem tells us that this distance is given by the expression 
Vx? +y?. What kind of function would give this distance? 


Once again, imagine that a processor is doing the calculation. The 
processor has to accept any point (x, y) from R*, so this set is the domain, 
calculate the distance /x? + y? using the rule (2, y) +> x? 4+ y?, and 
then output a non-negative real number. Since the output is non-negative, 
the codomain could be [0, oo) or R. 
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So, if we choose R as the codomain, for simplicity, and d for the name of 
this function, then we obtain 


d:R? — R 
Cy Sar 


The distance of any point to the origin can now be expressed as 
d(x,y) = Vx? + y?, which is the image of the point (x,y) under d. For 
example, the distance of the point (—4,3) to the origin is 


d(—4,3) = ,/(—4)2 +3? =5. 


A function such as d whose domain is a subset of R* and whose codomain 
is a subset of R is called a function of two variables. In certain 
circumstances, such functions can help to determine the ‘type’ of a given 
quadratic curve. 


To see why this is so, first recall that we often represent a function of one 
real variable — that is, a real function — by plotting its graph. A function f 
of two real variables can also be represented by a graph, but it has to be 
drawn in three-dimensional space to accommodate the extra domain 
variable. We imagine that the domain of the function is part of the 

(x, y)-plane, which is shown horizontal in Figure 1.8. The z-axis passes 
through the origin of this horizontal plane and is vertical. Every point in 
this three-dimensional space can be represented by an ordered triple of 
coordinates (x,y,z), where z is the vertical coordinate; the mathematical 
notation for three-dimensional space is R’. 


e (x,y, f(x,y) 


Figure 1.8 Constructing the graph of a function of two variables 


For each point (2, y) in the domain of the function f, we travel in a 
direction parallel to the z-axis and at height f(x,y) we place a point 
(x,y, f(x, y)). Doing this for each (x, y) in the domain, we obtain the 
graph of the function f as a surface lying over the domain. 


Figure 1.9(a) shows the surface for the graph of the distance function d, for 
which d(x, y) = Vx? + y?. It consists of a right circular cone with its 
vertex at the origin. The axis of the cone is aligned along the z-axis. 


SECTION 1 FUNCTIONS 


(x,y, f(x, y)) 


(a) (b) 
Figure 1.9 Surface and contour plots of the distance function 


The graph of a function of two variables is sometimes called a surface 
plot. Closely related to this is an alternative type of plot, known as a 
contour plot. A contour consists of those points in the domain of a 
function f of two variables at which f takes a particular value, the height 
of the contour. A contour plot is a collection of such contours; a contour 
plot for the distance function d is shown in Figure 1.9(b). 


But what has all this got to do with the ellipse E? Well, E has equation 
4r* + Sy” — 16x — 18y — 11 = 0. 
So, if we define the function 
f:R° —R 
(x,y) > 4x7 + Dy? — 16x — 18y — 11, 
then we can rewrite the equation of FE in the form 
f(x,y) =0. 
Thus the ellipse E is the contour of the function f with height 0. 


Therefore, one way to find the shape of EF is to examine a contour plot of 
the function f/f, if this is available. A computer-generated contour plot of f 
is given in Figure 1.10, overleaf. The axes are not shown but the origin is 
at the centre of the plot. 


A contour plot is like the 
collection of contours that 


appear on an Ordnance 
Survey map. 


r3 


See Section 5 for information 
on how to produce such a 
contour plot. 
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Figure 1.10 Contour plot of f for various heights including 0 (the ellipse F) 


Although we cannot be sure of the exact position, size and orientation of 
the contours here, it does appear that they are all ellipses. Of course the 

plot does not provide us with the detailed information that is supplied by 
the parametrisation function p of E, but it does provide a useful check on 
the overall shape. 


Summary of Section 1 


This section has introduced: 
© the general definition of a function; 


© the concepts of domain, codomain, rule, image and image set in the 
context of examples of functions derived from geometry; 


© the definition of a translation function, and a parametrisation function; 
© the graph, or surface plot, of a function of two variables; 


© contour plots and their relationship to the shapes of curves. 


Exercises for Section 1 


Exercise 1.1 

This exercise concerns the quadratic curve L with equation 
gi = ay” — 4 + Gy = 6. 

(a) Find the translation function that maps the quadratic curve L onto a 
conic K in standard position. Write down the equation of Kk. 

(b) Write down the translation function that maps K onto L. 


(c) Find a parametrisation function (or functions) for the quadratic 
curve L. 


2 Isometries 


To study Subsection 2.1, you will need a video player and the Video Tape. 


2.1 What is an isometry? 


In geometry there are many occasions when we need to change the position 
and orientation of figures. For example, we may decide to investigate 
whether two triangles have the same shape and size by checking whether it 
is possible to superimpose one triangle on top of the other. 


Again, we may wish to investigate which changes in position and 
orientation leave the figure looking the same. Or we may decide to 
investigate the ways in which motifs can be moved around the plane to 


form attractive patterns like the one shown in Figure 2.1. Here, and later, minor 
differences in shape between 
the motifs are ignored. 
Colour is also ignored. 


Figure 2.1 Patterns in fabric formed from a duck motif 


In each case the idea is to move figures around the plane without changing 

their size or shape. But how can this be expressed mathematically? A clue 

is provided by the work in Section 1 where we used a translation function Functions with domain and 
to move the conic &. Under translation, distances between points remain codomain R’, such as 

fixed, and this ensures that figures (like the conic F) move rigidly around __ translation functions, are 
the plane — that is, without changing their size and shape. often called transformations. 


In general, we can ensure that a function preserves the size and shape of 
figures by restricting our attention to those functions that preserve 
distances between points. Such functions are called isometries from the 
Greek words ‘iso’, meaning ‘same’, and ‘metron’, meaning ‘measure’. 


A function f :R° — R’ isa (plane) isometry if the distance Isometries are often described 
between any two points P and Q is equal to the distance between as rigid-body motions. For 


their images f(P) and f(Q). example, the image of a 
square under any isometry is 


a congruent square. 


It turns out that every (plane) isometry is one of four basic types; a 
translation, a rotation, a reflection, or a glide-reflection. In this section 
these four types are examined, and you will see how they can be expressed 
as functions that map points of R* to points of R’. 


Now watch Video Band A(v), ‘Visualising isometries’. The video analyses the 
patterns in fabrics, such as 


the one in Figure 2.1. 
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(x, y) 
(x mS ay 9 es ee ety 
2 
Figure 2.2 
(x + 6,y + 4) 


(x,y) 


Figure 2.3 


When showing the effects of 
isometries in sketches, it is 
important to use equal scales 
on the axes. 
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2.2 Translations 


As you have seen, a translation (of the plane) is a function that moves 
each point of the plane a fixed distance in a fixed direction. For example, 
the translation function t in Section 1 that sends the ellipse F to standard 
position moves each point 2 units to the left and 1 unit down (see 

Figure 2.2), and is therefore defined by 


t:R? — R° 
(2,4) ee 2 1). 
For brevity we shall often write such functions in the form t_2,;, where 
the two subscripted numbers indicate the horizontal and vertical 
translations, respectively, the signs of the subscripts indicating their 


direction. Thus, the following function defines a translation of 6 units to 
the right and 4 units up (see Figure 2.3). 


t6,4 : R? a R? 
(x,y) > (a+ 6,y +4). 


In general, we have the following two-line notation for a translation. 


A translation by p units horizontally and q units vertically has the 
form 


ing RK = 
(x,y) (@ py sg). 


A convenient way to visualise the behaviour of a translation function is to 
sketch two copies of the plane R’, the domain and codomain, and indicate 
the positions of particular points before and after the translation has been 
applied. For example, Figure 2.4 shows the effect that t¢4 has on the 
square S with vertices at the points (0,0), (2,0), (2,2) and (0, 2). 


(2, 0) 
Figure 2.4 ‘Translating a square 


Since each point of the square S is displaced 6 units to the right and 

A units up, the overall effect is to move the entire square 6 units to the 
right and 4 units up. This produces a new square S’ with vertices at the 
points (6,4), (8,4), (8,6), (6,6). In other words, S’ is the image of S under 
te.4; thus we can write 


hid — te.a(S). 
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Activity 2.1. Translating a triangle 


(a) Define a translation function that moves points 3 units to the right 
and 2 units down. 


(b) Draw a sketch to illustrate the effect that the function has on the 
triangle T’ with vertices at (2,1), (5,3) and (3, 4). 


Solutions are given on page 48. 


Now suppose that we want to reverse, or undo, the effect of the translation 
ts. Shown in Figure 2.4, to restore the square to its original position. By 
definition tg 4 moves points 6 units to the right and 4 units up, so to undo 
its effect we need the translation t_¢ 4 that moves points 6 units to the 
left and 4 units down. Indeed, it is easy to check that 


i, {Re 
(x,y) meee (x =i ==) 
sends (6,4), (8,4), (8,6), (6,6) back to (0,0), (2,0), (2,2), (0,2), 
respectively, so the square is restored to its original position (see 


Figure 2.5). We say that the translation t_g 4 is the inverse of the 
translation t¢ 4. 


O £ 


Figure 2.5 The inverse translation t_¢ —4 


In general, the inverse of a translation is obtained by changing the signs of 
the numbers in the subscript. 


The inverse of the translation t,,, is the translation t_, _,. 


Activity 2.2 Inverse of a translation 


(a) Write down the inverse of the translation described in Activity 2.1. 


(b) Check that this inverse maps the image of the triangle in Activity 2.1 
to its original position. 


Solutions are given on page 49. 


The notion of the inverse 
function of a real function is 
introduced in MST121 
Chapter A3, Section 4. 
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Once again, minor differences 
between the motifs are 
ignored. 


The symbol o is read as ‘oh’ 
or as ‘circle’. 
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Next we consider the effect of following one translation by another. 

Figure 2.6 illustrates the effect of first using t_4,9 to translate a duck 
motif 4 units to the left and then using ¢,,, to translate the result 1 unit to 
the right and 1 unit up. Overall, the duck motif is sent 3 units to the left 
and 1 unit up, a movement that could be achieved directly by using the 
single translation t_3 1. 


Figure 2.6 A composite translation 


The translation t_3; is called the composite of t_4. followed by ¢;,;. In 
symbols, this is written 


t_31 =), 0 t_ao. 


Note that the first translation to be performed is written to the right of 
the symbol 0, which is called the composition operation. In fact, the 
composite t_49 ot1,, has the same effect as t,,; 0 t_4,0; that is, 

t_49 0t,,,; =t_3,. In general, the order in which two translations are 
composed does not matter, and so the phrase ‘the composite of two 
translations’ is not ambiguous. 


Activity 2.3 Composing translations 


Draw a diagram to illustrate the effect on a triangle of following the 
translation t3¢ by the translation t,,2. Hence describe the composite 
t1,-2 0t3.¢ in words and symbols. 


A solution is given on page 49. 


These examples illustrate that the composite of any two translations is 
simply the translation obtained by adding the corresponding numbers in 
the subscripts. 


The composite of two translations t,,, and t,,, is given by 


Uptrqts: 
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2.3 Rotations 


A rotation (of the plane) about a fixed point is a function that moves 
each point through a fixed angle about the fixed point; see Figure 2.7. 


image 


of B 


fixed point 


Figure 2.7 Images under a (clockwise) rotation 


In this subsection we concentrate on rotations about the origin. The 
notation for the function that rotates points of the plane (about the origin) 
through the angle @ is rg (see Figure 2.8). The rotation is taken to be 
anticlockwise if @ is positive and clockwise if 0 is negative. Such a function Figure 2.8 The rotation rg 
is called a rotation function, or simply a ‘rotation’. Before rotations are 

defined algebraically, it is helpful to consider an example. 


Activity 2.4 Finding an image under a rotation 


(a) Sketch the triangle T with vertices (0,0), (3,0), (3,2), and the image 
I” of T under the rotation rz/2. 


(b) What is the image of (3,2) under the rotation r,/2? 


A solution is given on page 49. 


Figure 2.9 indicates what happens to the coordinates of an arbitrary 
point P under the rotation r,/2. Prior to rotation (left) P has coordinates 
(x,y). The triangle shown, which has vertices (0,0), (2,0) and (z, y), has 
the same shape after the rotation (right), but its base ends up along the 
y-axis. ‘hus P ends up at a new location P’ with coordinates (—y, 2). 


Figure 2.9 Rotating a point using r,/2 
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These observations enable us to define the rotation function r,/2 as follows: 
Tog pos 3 1 apenal | 
(x,y) > (—y, 2). 
For example, r,/2(7,3) = (—3, 7). 


Activity 2.5 Finding images under a rotation 


Find the images of the points (—3,2), (1,0), (0,1) and (—2,—3) under the 
rotation r,/2. Sketch your results on a single diagram. 


A solution is given on page 49. 


Now consider a general rotation rg of the plane about the origin. To be 
specific, we concentrate on a point P in the first quadrant with coordinates 
(u,v), as shown in Figure 2.10, and consider what happens to P after it 
has been rotated anticlockwise through an angle 6 about the origin O. To 
help us keep track of P we have shaded a right-angled triangle PQO whose 
base lies along the x-axis and whose hypotenuse joins the origin to P. 
Under the rotation both the point P and the right-angled triangle rotate 
through the angle 0, to produce the triangle P’Q’O. In Figure 2.10, the 
angle @ is chosen so that triangle P’Q’O is in the first quadrant. Thus OQ" 
is inclined at angle 6 to the horizontal, and side P’Q’ is inclined at angle @ 
to the vertical. Since the shape and size of the triangle is unchanged by 
the rotation, it follows that OQ’ has length u and Q’P’ has length v. 


y 


Figure 2.10 Rotating a point P 


The next step is to project the sides OQ’ and P’Q’ onto the z-axis, as 
indicated by the dotted lines in Figure 2.11. 


Y Y 


Figure 2.11 Finding the coordinates of P’ 


The projection of OQ’ has length ucos 0, and the projection of P’Q" has 
length vsin@. The z-coordinate of the point P’ is therefore ucos @ — vsin 6. 
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Activity 2.6 Determining the y-coordinate of P’ 


By following the steps of the previous argument, with suitable 
adjustments, determine the y-coordinate of the point P’. 


A solution is given on page 49. 


The conclusion is that after a rotation about the origin through an angle 0, 
the point (u,v) ends up at the point with coordinates 


(ucos@ — vsin@,usin6@ + vcos6). 


In fact, this result is true for an arbitrary point (u,v) in the plane and for 
any angle 8. 


Thus we have obtained the following two-line notation for a rotation. 


A rotation about the origin, through an angle 6, has the form 


re: RR? — R? 


(x,y) +> (xcosé — ysin 6, x sin@ + ycos@). 


For example, a clockwise rotation through an eighth of a full turn about 
the origin corresponds to a turn through the angle 6 = —7/4. Since 


fes(—97) = 5V2=1/V¥2.and sin (—1a) = —1/2 = -1/¥2, 
it follows that the rotation function is 


ae pk 


ay =) 


es) — (AF 


Activity 2.7 Rotations through a given angle 


For each of the following angles, determine in two-line notation the 
function that specifies the rotation through that angle about the origin. In 
each case, check your result by calculating the image of (1,0). 


(a) 7 (b) 47 (epH oa 


4 
Solutions are given on page 50. 


Earlier you saw that the effect of a translation t,,, can be undone by the 
application of the inverse translation t_, ,. A similar property holds for 
rotations about the origin. 


The inverse of the rotation rg is the rotation r_o. 


Remember that the angle for 
an anticlockwise rotation is 
positive, whereas the angle 
for a clockwise rotation is 
negative. 


A full turn is a complete 
revolution. 
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Here the centre of the motif is 
taken to be the origin. 


Another common choice is 
[O, 277). 


pas 
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As for translations, we can consider the effect of following one rotation by 
another. For example, Figure 2.12 illustrates the effect of first using ro7/3 
to rotate a motif =m radians anticlockwise about its centre and then 

using 7/3 to rotate the image another 51 radians anticlockwise. Overall, 
the motif rotates 7 radians anticlockwise, which could be achieved directly 


by using the single rotation r,. 


Figure 2.12 A composite rotation 
The rotation r, is the composite of r2,/3 followed by r,/3, and we write 


Tor = Tr/3 O T2n/3- 
In general, if we rotate the plane about the origin through an angle @ and 
follow this by a rotation of the plane about the origin through a further 
angle 6, then the overall effect is a rotation of the plane about the origin 
through the angle sum 6+ ¢. The same overall effect is obtained if we 
rotate first through @ and then through ¢; that is, 

Tea OTg = OTe. 


These observations hold whatever the signs of the angles. 


The composite of two rotations rg and rg about the origin is given by 


T6+¢: 


Since a full turn corresponds to 27 radians, the rotation rg is in effect the 
same rotation as 79,2, and rg_2,. It is usual to express the results of 
calculations involving rotations in terms of angles in a chosen interval of 
length 27. A common choice is (—7,z]. Working with this interval, we 
obtain 


T 9n/(9 OP =9/2 = lagafe = 1 Sa/6> 


since —77/6 lies outside (—a, 7], but —77/6 + 27 = 57/6 lies in it. 


Activity 2.8 Composing rotations about the origin 


Determine each of the following composites, ensuring that the angle in 
your answer lies in the interval (—7, 7]. 


(a) Tr/2°%n/3 (Db) Tan/3OTn/2 = (C) Px/3 OT —n/2 


Solutions are given on page 50. 
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2.4 Reflections 


Imagine that a mirror is held vertically along the central line of the cloth 
design in Figure 2.13. The animal motif on the right can then be regarded 
as the mirror image of the animal motif on the left. Moreover, if the mirror 
is two-sided, the animal motif on the left can be regarded as the mirror 
image of the animal motif on the right. 


Figure 2.13 Cloth design with animal motifs 


This suggests the following (mathematical) definition of reflection in a 
line 4. Each point P of the plane is sent to a point P’ on the other side 
of £ in such a way that @ is the perpendicular bisector of the line 
segment PP’, as shown in Figure 2.14(a). Points on @ remain fixed. 


fixed under 
reflection in 
y-axis 


(0, —5) 


(a) (b) 
Figure 2.14 Reflections 


For example, reflection in the y-axis sends the point (4,5) to (—4,5), and 
it sends (—4,5) to (4,5); see Figure 2.14(b). Under this reflection, points 
on the y-axis, like (0, —5), remain fixed. In general, an arbitrary point 
(x,y) is sent across the y-axis to (—x,y). We can therefore write the 
reflection in the y-axis in the form of a function as follows: 


i. 5 
(x, y) ae (2, 


The function f is an example of a reflection function, or simply a 
‘reflection’. 
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Activity 2.9 Some reflections 


For each of the following reflections, sketch the images of the points (1,0), 
(0,1), (0,0), (1,1), and then use two-line notation to write down a 
function f that describes the reflection. 


(a) a reflection in the x-axis 
(b) a reflection in the line y = x 
(c) a reflection in the line y = —z 


Solutions are given on page 50. 


As for translations and rotations, we can consider the function that undoes 
the effect of a reflection. A moment’s thought shows that any reflection is 
its own inverse; that is, it is self-inverse. 


All reflections are self-inverse. 


In Subsection 2.6, an algebraic rule is given for reflection in a line through 
the origin at a given angle, but first there is a little more work to do on 
composite functions. 


2.5 Composite isometries 


So far we have seen that the composite of two translations is a translation, 
and the composite of two rotations about the origin is a rotation about the 
origin. In this subsection we examine what happens when we compose 
different types of isometries. 


Activity 2.10 Composing two isometries 


In the following design, consider the process of superimposing one of the 
leaf motifs onto its right-hand neighbour. Try to describe this process as a 
composite of two isometries. 


Figure 2.15 A leaf motif design 


A solution is given on page 51. 
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The isometry described in Activity 2.10 is an example of a new kind of 

isometry known as a glide-reflection. A glide-reflection in a line @ is 

defined to be reflection in ¢ followed by a translation parallel to @. The same glide-reflection is 
obtained by performing the 
translation first and then the 
reflection. 


As an example, consider the glide-reflection obtained by following the 
reflection g in the x-axis by the translation ¢t through 1 unit in the positive 
direction of the x-axis. The definitions of g and ¢ are as follows. 
. —> R° Le 
and 
(x,y) > (x, -y) (x,y) > (e+ 1,y). 
Figure 2.16 illustrates the overall effect of the glide-reflection on a 
particular right-angled triangle. First q reflects the triangle across the 
z-axis, and the resulting triangle is then translated 1 unit to the right by t. 


y ' (2,3) . 
| é qs | 
J —— p>» 
O| Ir O 
] 
| (2, —3) 


Figure 2.16 A glide-reflection 


Although the glide-reflection is defined in terms of two isometries, it is still 
an isometry in its own right, and so we should be able to determine its rule 
algebraically. In order to do this it is helpful to return to the ‘processor’ 
interpretation of a function. Here, there are two processors, one for t and 
one for g. To follow q by t, the output of q is used as input for t, thereby 
producing the ‘composite processor’ illustrated by the outer box in 

Figure 2.17. For example, if the point (2,3) is fed into this composite 
processor, then it is first processed by q to produce the intermediate point 
q(2,3) = (2, —3), and this is then processed by t to produce the final 
output t(2,—3) = (3, —3). 


oan = 8» (3-8) 


Figure 2.17 The composite processor 


Similarly, if an arbitrary point (x,y) is fed into the composite processor, 
then it is first processed by g to produce the intermediate point 

q(x, y) = (x, —y), and this is then processed by t to produce the final 
output. The effect of t is to add 1 to the first coordinate of its input and 
leave the second coordinate unchanged. Thus we obtain 


t(q(x, y)) = t(a, —y) = (a +1, -y). 


Overall we obtain a function, called the composite of q followed by t, with 
domain and codomain R*. The function is denoted by toq, and under it 
each point (x,y) in the domain is mapped to the point (x + 1, —y). So the 
rule for the function is (x, y) +> (# + 1, —-y). 


The required glide-reflection is therefore given in two-line form by 
| As you can check, the 


m2 2 
tog:R’ —R composite got also gives this 
(x,y) > (x +1, -y). glide-reflection. 
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In terms of the notation fra, 
the rotation r is T_,/2- 


Figure 2.19 The reflection qo 


In terms of the notation qo, 
the reflection gq is qo. 
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We have just composed a reflection with a translation to produce a 
glide-reflection, but it is possible to compose any two isometries in a 
similar way, as illustrated in Figure 2.18. 


(x,y) >| of lg o( f(x,y) 


Figure 2.18 Composing isometries 


When a point (x, 7) is fed into the composite processor it Is first processed 
by f to produce the intermediate point f(z, y). This is then processed by g 
to produce the final output g( f(z, y)). 


Let f: R? —- R° and g: R? —- R’ be two isometries of the plane. 
Then the composite go f (of f followed by g) is the isometry 
defined by 


gof:R’ — R? 
(x,y) > g(F (2, y))- 


The next activity asks you to compose a reflection and a rotation, in both 
possible orders. 


Oe 


Activity 2.11 Composing isometries 


Let g be the transformation that reflects the plane in the x-axis and let r 
be the transformation that rotates the plane clockwise about the origin 
through a quarter of a turn. Algebraically these have the forms 


q: a. r: R? — R? 
and 
(x,y) ras (ae; it) (x,y) Pe (y, eae 
Determine the composite isometries ro g and gor, and interpret them 
geometrically. Is it true that rog=qo rt 


Solutions are given on page dl. 


Comment 


This activity shows that the order in which functions are composed can 
make a difference to the result. 


2.6 Reflections revisited 


We now return to the problem of finding the rule for reflection in a general 
line £ through the origin. We shall assume that & makes an angle # with 
the positive x-axis, and we shall denote the reflection function by gg as 
shown in Figure 2.19. 


The idea is to express gp as a composite of isometries with rules that we 
already know. The triangles in Figure 2.20 show that the reflection in @ can 
be expressed as the composite of a clockwise rotation through the angle 20, 
followed by a reflection q in the x-axis; that is, gg = ¢° T_20- The rotation 
r_59 sends £ to a line @’, and this is sent back to ¢ by the reflection q. 
Overall @ stays fixed but the plane has been reflected in é, as required. 
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Figure 2.20 Showing that gg = qo r_o¢ 


The rule for a clockwise rotation through 26 is See Subsection 2.3. 
r_26(x, y) = (x cos(—26) — ysin(—26), x sin(—26) + y cos(—26)) 
and the rule for reflection in the z-axis is 
q(z,y) = (x, -y). 
Recalling that cos(—2@) = cos(2@) and sin(—26) = — sin(20), we obtain 
q(r_26(x, y)) = q(x cos(—26) — ysin(—26), x sin(—20) + y cos(—26)) 
= q(x cos(26) + ysin(26), —x sin(26) + y cos(26)) 
= (x cos(26@) + ysin(26), x sin(20) — y cos(26)). 
Since gg = qo r_gg, the reflection in @ is given in two-line notation by 
go: k° — R’ 
(x,y) +> (a cos(20) + ysin(20), x sin(20) — y cos(26)). 


Thus we have obtained the following two-line notation for a reflection. 


Let £ be a line that passes through the origin and makes an angle 6 
with the positive z-axis. Then the reflection in @ is given by 


i we 


(x,y) +> (a cos(20) + ysin(20), x sin(20) — y cos(26)). 


Activity 2.12 Reflection in a given line 


Let £ be the line through the origin that makes an angle of A with the 
positive z-axis. Determine the reflection q,/¢ in @ in two-line notation. 


A solution is given on page 51. 


Later in the course we consider the composite qg o gy, one reflection 
followed by another. It turns out that qo qg is always a rotation and that, 
in general, 


Go ° de F Wb © YW. 


at 
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Summary of Section 2 


This section has introduced: 

© the two-line notation for a translation f, 4; 

© the two-line notation for a rotation rg through an angle @ about the 
origin; | 

© the two-line notation for a reflection gg in a line through the origin at 
an angle 6 with the positive x-axis; 


© the inverses of translations and rotations, and the fact that reflections 
are self-inverse; 


© formulas for writing down the composite of two translations, or two 
rotations about the origin; 


© the method for determining the composite of two isometries (for 
example, a glide-reflection). 


Exercises for Section 2 


Exercise 2.1 
Express each of the following translations in the form ty,,. 
(a) the inverse of ts 3 


(b) the composite tz,_3 © t4,5 


Exercise 2.2 


Express each of the following rotations in the form rg, where @ lies in the 
interval (—7, 7]. 
(a) the inverse of raz/3 


(b) the composite r3q/5 0 Tan/s 


Exercise 2.3 

Give a definition in two-line notation of each of the following isometries. 
(a) a translation three units to the left and two units down 

(b) a clockwise rotation through an angle of 7/3 about the origin 


(c) a reflection in the line y = 3a 


Exercise 2.4 


Determine the composite go f, where 
Af ie g: [erent 
and 
(x,y) > (y, 2) (x,y) > (@+2,y + 2). 


Give a geometric interpretation of f and g, and hence of go f. 


3 Trigonometric formulas 


In this section we shall use the rotation functions introduced in Section 2 

to derive some important relationships amongst trigonometric functions, The formulas in this section 
needed for our further study of conics in Section 4. were known, in somewhat 
different form, to Ptolemy of 
Alexandria (c. 90-168 AD). 
Ptolemy was an astronomer, 
geographer and author of a 
textbook on trigonometry. 


3.1 Basic trigonometric relationships 


The basic formulas relating the sine, cosine and tangent of an angle 6 are 
the definition of tan@ and the ‘Pythagorean identity’: 

sin 6 

os 


see Figure 3.1, where the line OP makes the angle 9 with the positive 
-axls. 


and cos’ + sin’ @ = 1; (3.4) 


tan? = 


sin 6 7 pale oe oe eee, » P(cos 6, sin 6) 


O 6 


cos @ 


Figure 3.1 Sine and cosine of 6 


If we know the exact value of any one of sin @, cos@ or tan 6, then 
equations (3.1) allow us to find the exact values of the other two, apart 
from the choice of + or — sign. This sign is found by checking in which 


quadrant the point P lies, and using Figure 3.2. y 
For example, if we know the value of sin 0, then we can find values for cos 6 = a 
L 
and tan @, as follows: alias eres 
cos?6+sin?6=1, so cos?6=1-sin’6: 
h O x 
si TAN COS 


sin sin ositive positive 
mee =20'— cm 6, so. tang = —_ = 4—. a2 . 
ee ee 


On the other hand, if we know the value of tan 6, then we can find values 
for sin @ and cos @, as follows: 


Figure 3.2 Signs of 


trigonometric functions 


1 
cos*@+sin°9=1, so . ————— 
cos? @ 
hence 
1 tan 0 
cos 4 ee, go cin — tended + oa) 


J/1+tan? 6 J/1+tan2 6 
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J/3? +42 =5 


Figure 3.3 A 3-4-5 triangle 


Equation (3.4) was used in 
Chapter A2, Section 5 to 
obtain parametric equations 
for a hyperbola. 
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Other approaches to these calculations are possible. For example, if we 
know the value of one of sin 8, cos@ and tan@ and we know that @ lies in 
the interval (0,57), then the values of the other two trigonometric ratios 
can be found by using an appropriate right-angled triangle. In some cases, 
the calculations involved are simple. For example, if siné = :, then from 
Figure 3.3, we obtain the exact values 


adjacent : 
t= se 
hypotenuse 
and 
opposite 
oie 


~ adjacent ° 


In other cases the calculations are not as simple, as you will see in 
Activity 3.1(c). 


Activity 3.1 Relationships between sine, cosine and tangent 


(a) Find cos@ and tan@, given that sin @ = + and @ lies in the interval 
(57,7). 

(b) Find cos@ and sin@, given that tan@ = —{ and @ lies in the interval 
& ST, 0) ; 

(c) Find sin@ and tan@, given that cos @ = > and @ lies in the interval 
(0, 57). 


Solutions are given on page Ol. 


a: EEUU EEE 


Finally in this subsection, we recall that the ‘reciprocal’ trigonometric 
functions secant, cosecant and cotangent are defined as follows: 


1 a. na 1 
ae cosec 0 = ane? cot 7. = aoa 
Given the value of any one of sin@, cos, tan 6, sec@, cosec @ or cot 6, we 
can find the values of all the others, apart from the choice of sign. For 
example, if we know that cot @ = —$, then tan@ = 1/(—$) = —3. We can 
then find sin@ and cos @ as in Activity 3.1(b), and hence find cosec @ and 
sec 0. 


sec 9 = 


The identity cos? 9 + sin’ 6 = 1 can be rewritten in terms of the reciprocal 
trigonometric functions as follows: 
14 tee 6 = sec’ 0, (3.4) 
and 
cot?.6 + 1 = cosec? 8, 


on dividing through by cos? @ and sin’ 0, respectively. 
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3.2 Sum and difference formulas 


Next, two identities are derived which express the sine and cosine of the 
sum @+ 0 in terms of the sines and cosines of ¢ and 6. They are known as 
the sum formulas. 


Suppose that the point P lies 1 unit from the origin, with OP making an 
angle @ with the positive x-axis, as shown in Figure 3.4. The coordinates 
of P are (cos ¢, sin @). 


Q(cos(¢ + 9), sin(¢ + 4)) 


P(cos ¢, sin ¢) 


Figure 3.4 Rotating the point P 


If we now apply the rotation rg to the point P, then we obtain the point Q 
that lies 1 unit from the origin, with OQ making an angle ¢+ 9 with the 
positive x-axis. The coordinates of Q are therefore (cos(¢ + 0), sin(¢ + 9)), 
as shown in Figure 3.4. 


We can describe the effect of the rotation rg on P algebraically as 
(cos(@ + 8), sin(@ + @)) = re(cos ¢, sin @). 


Using the formula re(x, y) = (x cos 6 — ysin@, x sin@ + ycos6), with 
x =cos@ and y = sing, we conclude that 


(cos(¢ + 8), sin(@ + @)) = (cos dcos @ — sin dsin 9, cos dsin 8 + sin d cos 8). 


The x-coordinates of this equation give the sum formula for cosine and the 
y-coordinates give the sum formula for sine. The formulas are recorded 
below, with that for tangent. 


Sum formulas 
sin(@ + #) = sin@cos@ + cos dsind 


cos(@ + #) = cos ¢cos@ — sin dsin 6 


tan @ + tan é 


al 1 —tandtand 


The tangent sum formula is obtained as follows: 


0 
tan(d +0) = ae (equations (3.1) with 6 replaced by ¢ + 6) 


_ sin @cos @ + cos ¢sin 6 ; 
ene oe oe ery: (equations (3.5) and (3.6)) 


See Subsection 2.3. 


ea 


These sign formulas were 
discussed in MST121, 
Chapter A2, Section 3. 
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sing sing 


— cos@ cosé 


sin @sin 8 

e cos @ cos 8 

_ tang+tané 
~ 1—tandtand’ 


One application of the sum formulas is to use known exact values of sine, 
cosine and tangent to calculate other exact values. For example, since 


cos(4) =sin(tm) = 4$V2, cos(ixm)= 4 and sin(}7) = 1/3, 
it follows from the cosine sum formula that 


cos (7) = COs (3a + aT) 
= cos (4a 4 >) 
= cos (471) cos (47) — Sin (47) sin (27) 
=i/2xi-iv2x iv3 


=1(v2- v6). 


Activity 3.2 Using the sum formulas 


Find the exact values of sin (57) and tan (57). 


Solutions are given on page 52. 


If we replace @ by —0 in the sum formulas and use the sign formulas, 
cos(—@) = cos@, sin(—@)=-—sin@, tan(—é@) = —tand, 


then we obtain the following difference formulas. 


Difference formulas 
sin(@ — 6) = sin @cos 6 — cos @sin # 
cos(¢@ — 8) = cos cos @ + sin dsin O 
tan @ — tand 
1+tan@¢tand 


tan(¢@— 0) = 


Once again we can use these formulas to determine new exact values of 
sine, cosine and tangent from known ones. 


Activity 3.3 Using the difference formulas 


Find the exact values of sin(47), cos(;57) and tan(;57). 


Solutions are given on page 52. 
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3.3 Double-angle and half-angle formulas 
By setting @ = @ in the sum formulas, we obtain the double-angle formulas 


for cos(2@), sin(20) and tan(26). 


Double-angle formulas 
sin(20) = 2 sin @ cos @ 


cos(20) = cos” @ — sin’ 6 
2 tan 6 
1 — tan’ 0 


tan(20) = 


For example, using the sum formula for sine, with ¢ = 6, we obtain 
sin(2@) = sin(@ + 6) 
= sin@cos@+ cos @sin@ 


= 2sin Goose, 


which is the double-angle formula for sine. 


Activity 3.4 Verifying a double-angle formula 


Verify the double-angle formula for the tangent function. 


A solution is given on page 52. 


There are two useful alternative forms of the cosine double-angle formula 
that can be derived using the identity cos? @ + sin? 9 = 1. To obtain the 
first, replace cos? 9 by 1 — sin’ @ in 


cos(20) = cos” 6 — sin? 6 


and to obtain the second replace sin* @ by 1 — cos? 0. 


Alternative double-angle formulas 
cos(26) = 1 — 2s8in’ p 


cos(20) = 2.cos* 6 —1 


These alternative double-angle formulas for cosine can be rearranged to 
yield equations for the squares of the cosine and sine functions as follows. 


Half-angle formulas 
sin” @ = (1 —cos(26)) 


cos” 9 = 3(1 + cos(26)) 


By taking square roots, these formulas can be used to calculate exact 
values for the sine and cosine of half angles: 


1 + cos(26) 


a cos) = = 5 


in ts — 


The name ‘half-angle’ refers 
to the fact that these 
formulas are often stated with 
@ replaced by 50 and 26 
replaced by 6. Then, for 
example, 


sin” (40) = (1 — cos). 
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The scaling and translation of 
graphs of real functions was 
discussed in MST121 

Chapter A3, Section 2. 
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For example, using the fact that cos(47) = 4/2 and letting 26 = j7, so 


v= —— we obtain 


iL = easl= 12 

sin ($77) = Bi OAD a 9 
1+ cos(4z La 24/9 

cos (ja) gf ee Ps Fey 2, 


In these cases, the positive sign is chosen because 0 < aT - ST. 


and 


Activity 3.5 Using the half-angle formulas 


Find cos@ and sin@, where @ is the angle in the interval (0, $7) for which 
cos(26) = —8. 


A solution is given on page 52. 


Each of the half-angle formulas may be interpreted in terms of two scalings 
and a vertical translation. This interpretation shows the remarkable fact 
that the graphs of the functions f(x) = sin’ z and g(x) = cos’ a are both 
sinusoidal. For example, to obtain the graph of g(a) = cos’ x, which is the 
curve y = cos’ x, from the curve y = cos 2: 


1 


© first scale the curve y = cosx in the x-direction by the factor 5, giving 


the curve y = cos(2z); 


© 


then translate the curve y = cos(2z) one unit upwards, giving the 
curve y = 1+ cos(2z); 


© finally scale the curve y = 1 + cos(2z) in the y-direction by the 
factor 4, giving the curve y = 5(1 + cos(2z)). 
The resulting curve is shown in Figure 3.5. 


—27 —T T an 


Figure 3.5 The curve y = cos’ x 
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Summary of Section 3 


This section has reviewed or introduced: 
© the basic relationships between the trigonometric ratios, including 
three versions of the Pythagorean identity 
cos’ @+ sin? @ = 1 
1+ tan” 6 = sec’ 0 
cot” 6+ 1 = cosec’ 6; 
© the sum and difference formulas 
sin(@ + 80) = sin@cos@ + cos @sin# 
sin(@ — 8) = sin @cos 6 — cos sin # 


cos(@ + 8) = cos dcos@ — sin gsin 
cos(@ — 6) = cos @cos@+ sin dsin 6 


tan @ + tan é 
ee 1 — tan ¢tané 

t — 6 
iets an @ — tan 


1+tangtand 
© the double-angle formulas 
sin(20) = 2sin @ cos @ 
cos(20) = cos” 6 — sin’ 6 
= 1-2sin’6 
= 3a oe = 1 
2tané 
1 — tan?’ 
© the half-angle formulas 
sin” 6 = 3(1 — cos(26)) 
cos’ 9 = $(1 + cos(26)); 


tan (26) 


© ways of finding (new) values of trigonometric functions from known 
ones by using the above formulas. 


Exercises for Section 3 


Exercise 3.1 

Use the exact values of sine, cosine and tangent of the angles $7 and é7 to 
determine exact values for the sine, cosine and tangent of oT. 

Exercise 3.2 

Find cos 6 and sin @, where @ is the angle in the interval (0, +) for which 
cos(20) = —5. 

Exercise 3.3 


Find cos @, where @ is the angle in the interval (Sn, 7) such that 


cot 6 = — =. 


co 


4 Quadratic curves revisited 


Quadratic curves were defined 


in Chapter A2, Section 4. 


For example, the curve with 
equation 27 + y7+1=0 is 
the empty set. 


René Descartes (1596-1650) 
discussed these questions in 
his book La géometrie. He 
gave few algebraic details in 
order not to deprive the 
reader of the pleasure of 
discovery! The first clear 


account was given by Fermat 


in his book Introduction to 
plane and solid loci. 


The graph of the reciprocal 
function is discussed in 
MST121, Chapter A3, 
Section 1. 
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In this section, we continue the investigation of the shape of quadratic 
curves begun in the previous chapter. There we concentrated on quadratics 
without an ry-term — that is, curves with an equation of the form 


Az’? + Bry+ Cy? + Dxz+ Ey+F =0, 


in which B = 0. In the absence of the ry-term, we can usually complete 
squares, as in equation (1.2) for the ellipse F, and so recognise the curve as 
an ellipse, a hyperbola or a parabola. In exceptional cases, a quadratic 
curve may be degenerate (e.g. a pair of lines, a single line, a point, or the 
empty set). 


But what happens if a quadratic curve has an equation which includes an 
xy-term? Does it still represent a conic, and if so, what type? We tackle 
these questions by exploring whether it is possible to find an isometry that 
maps such a quadratic curve onto a curve which we know to be a conic. 
The algebraic manipulations needed in this section are at times quite 
involved. Using these manipulations, however, we are able to develop a 
strategy for sketching quadratic curves with an ry-term. 


4.1 An illustrative example 


To see what can happen when an xy-term is present, consider the 
quadratic curve with the simple equation 


sy —1=0. 


One way to sketch this curve is to observe that for any point (x,y) on the 
curve, we have y = 1/z. (No point (x,y) on the curve zy —1=0 has x = 0 
or y = 0.) So all we have to do is sketch the graph of the reciprocal 
function f(z) = 1/x, as shown in Figure 4.1. 


Figure 4.1 The curve ry —1=0 
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Activity 4.1 Is this curve a conic? 


Do you think that the curve in Figure 4.1 looks like a conic? If so, suggest 
an isometry that might move the curve onto a conic in standard position. 


Comment 


The curve looks like a hyperbola whose asymptotes lie along the xz- and 
y-axes. If it is indeed a hyperbola, then its axes of symmetry are the lines 
y = x and y = —2, for the curve is symmetric about these lines. The curve 
certainly cannot be translated onto a hyperbola in standard position, since 
the axes of symmetry are not parallel to the z- and y-axes. However, a 
clockwise rotation about the origin through re radians might work. 


To test whether the suggestion in the comment on Activity 4.1 is correct, 
we first rotate the curve xy — 1 = 0 clockwise about the origin through 
+7 radians to obtain a new congruent curve, K say, as shown in 


4 
Figure 4.2(a). We then find the equation of this rotated curve K. 


Yy 2 Yy : 
rotate 
through 
1/4 
1 1 
Pr/4(U, v) 
1 i 1 2 


(a) (b) 


Figure 4.2 Rotating the curve ry — 1 =0 


Let (u,v) be an arbitrary point on the curve K. If we rotate (u, v) 
anticlockwise about the origin through ral radians, then it ends up at the 
point r,/4(u,v) on the curve zy — 1 = 0, as shown in Figure 4.2(b). Now 
rxja(u, Vv) = (ucos (47) — vsin (4m) , usin (F7) + vcos (47)) 
= (“ = Ge *) 
ee a 

since cos(47) = sin(47) = 1/2. Because the point r,/4(u, v) lies on the 
curve xy — | = 0, its coordinates satisfy ry — 1 = 0. Thus we have 


(“) (“> ) 7, 
V2 V2 | 
By the difference of two squares, this equation is equivalent to 


s(u? — v*) = su ar 1. 


See Subsection 2.3. 
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Fermat used this technique to 
eliminate the ry-term. 


Figure 4.3 shows L as an 
ellipse, but it could be any 
quadratic curve. 


See Subsection 2.3. 
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But (u,v) is an arbitrary point on K, so in terms of the usual notation the 
equation of K is 


fo ee 
5x sy =. 


Thus K is indeed a hyperbola in standard position, with a = V2 and 
b = 2. This confirms the suggestion made in the comment on 
Activity 4.1. 


4.2 Eliminating the cross-term 


In the previous subsection, you saw that, by rotating the quadratic curve 
xy — 1 = 0 clockwise about the origin through iT radians, the hyperbola 
iy? — ty? = 1 is obtained. This rotation enabled us to eliminate 
the xy-term from xy — 1 = 0, in the sense that the equation of the rotated 
hyperbola has no xy-term. We now describe how the ry-term, or 
cross-term, can be eliminated from any quadratic curve L with equation of 


the form 
Ac? + Bry+ Cy’?+ Dr+ Ey+F =0. (4.1) 
Since nothing needs to be done if B = 0, we shall assume that B # 0. 


As before, we aim to eliminate the ry-term by rotating the curve L 
clockwise about the origin through a suitable angle @ to obtain a new 
curve K which is congruent to L but whose equation has no ry-term. 


(a) (b) 


Figure 4.3 Rotating the quadratic curve L 


Suppose then that K is obtained by rotating DL about the origin through 
angle 0, as shown in Figure 4.3(a). If (u,v) is an arbitrary point on the 
curve K, then rg(u,v) lies on the curve L, as in Figure 4.3(b). Now 


ro(u, Vv) = (ucosé — vsin#@, usin 6 + v cos @). 
Because .rg(u, v) lies on the curve L, the coordinates of ro(u, v), 
z=ucosé—vsind and y=usiné+ vcos6, (4.2) 


must satisfy equation (4.1), the equation of L. 
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If we substitute equations (4.2) for x and y into equation (4.1), expand the 
brackets and collect together like terms, then, as you will see, we obtain an 
equation of the form 


A'u? + B'uv + C’v? + Dut E’'v+ F’ =0, (4.3) 
where the new coefficients A’, B’, C’, D’, E’ and F’ depend on A, B, C, 
D, E, F and the angle 6. If we can choose the angle 8 so that B’ = 0, then 
equation (4.3) is of the form A’u? + C’v? + D'u+ Ev + F’ = 0. Since this 
equation holds for all points (u,v) on K, the equation of K is 


A’z* + Cy? + D's + E'y + F’ =0, (4.4) 


and this equation has no xy-term, as we wanted. 


The first stage in this process is to find the new coefficients A’, B’, C’, D’, 
E’ and F’. You are asked to do this in the following activity. 


Activity 4.2 Finding the new coefficients 


By substituting equations (4.2) for x and y into equation (4.1), express the 
coefficients A’, B’, C’, D’, E" and F” in equation (4.3) in terms of A, B, C, 
D, E, F and @. 


Solutions are given on page 52. 


The solution of Activity 4.2 gives the following formula for B’: 
B' = 2(C — A)sin@cos6 + B(cos? 6 — sin’ 6). 
This formula may be simplified somewhat by using the double-angle 
formulas for sine and cosine: 
B’ = (C — A) sin(20) + Bcos(26). 
Thus, in order that B’ = 0, the angle 6 must be chosen so that 
(C' — A) sin(26) + Bcos(26@) = 0. 


T'wo cases arise. First, suppose that C' = A, as in the example ry — 1 = 0. 
Then equation (4.5) is simply Bcos(2@) = 0, and this is satisfied if we 
choose, for example, 20 = 57; that is, 0 = $7. 

Next suppose that C' # A, so C— A #0. Then equation (4.5) gives 


was 
Ae 


Thus a suitable value of 24 is given by 


=o) 
A-C/)- 


The corresponding value 


B 
— 5 arctan (==5) 


then lies in the interval (—47, 47) and, for this value of 6, equation (4.5) is 


4” 3 4 
satisfied. 


(4.5) 


tan(20) = 


20 = arctan ( 


This reasoning shows that, for any values of the coefficients A, B and C, 
we can choose an angle 6, with —$7 < 6 < 47, such that equation (4.5) 
holds and thus B’ = 0. We call @ the inclination of the quadratic curve L: 
the reason for this name will appear shortly. 


The algebraic manipulations 
required here are quite 
involved, and you may prefer 
to read the solution if you are 
short of time. 


See Subsection 3.3. 


Recall that we wish to 
choose 6 so that B’ = 0, 
because we seek a curve IC 
whose equation has the form 
of equation (4.4). 


Only one value for @ is 
needed. 


The quantity B/(A — C) may 
be positive or negative. 


The function arctan is 
discussed in MST121, 


Chapter A3. It has image set 


(—57, 51). 
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This method is discussed 
further after the solution. 


See Subsection 3.3. 
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Once the inclination 6 of a quadratic curve L is known, we can find the 
coefficients A’, C’, D’, E’ and F” in equation (4.4) by using the formulas 
found in Activity 4.2: 


A' = Acos?6 + Bsin 6 cos 6 + C sin’ 0, 
C’ = Asin’? 0 — Bsin@cos6 + C cos? 0, 


D' = Dcos@+ Esin@ (4.6) 
E’ = —Dsin@é+ Ecosé 
| ie a 


We can then sketch K using the techniques of Chapter A2, and hence 
sketch L = re(K), as in the following example in which D = £ = 0. 


eee eee 


Example 4.1 Sketching a quadratic curve 


ee 


Sketch the quadratic curve with equation 
19x? + 6ry + 11y* — 40 = 0. 


Solution 


First we find the inclination 6 of L. Since A= 19, B = 6 and C = 11, we 
have 


6 3 
ene ae eer ry: 
19 — 11 A Giese 
Thus the inclination is 


§ = < arctan(0.75) ~ 0.322 radians, 


tan(20) = 


which is approximately 18°. 


Now, we need to find the values of cos* 0, sin # cos @ and sin’ 6, in order to 
calculate A’ and C’ from equations (4.6). One method is to note that, 
since tan(2#) = = and 20 lies in the first quadrant, we can use a ‘3-4-5 
triangle’ to deduce that 


cos(20)= 2 and sin(26) = 


5 


Orlco 


Then, by the half-angle formulas, 

cos? @ = 1(1 + cos(26)) = § (1+ 2) = ap) 
sin? 6 = 4(1 —cos(20)) = 3 (1-2) =7 
and also 

sin @cos@ = 3 sin(26) = 5 x $= 
So, from equations (4.6), 

Ao=19x 24+6x3411x 4 = 20, 

C’=19x 5 -6x34+11x = =10. 


Next, we have D’ = 0 and E’ = 0, since D = 0 and E = 0, and also 
F’ = F = —40. Thus equation (4.4), the equation of K, is 


2007 + 10y? -40=0; thatis, 27+ 4y* =1. 


Therefore K is an ellipse, as shown in Figure 4.4. 
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Figure 4.4 The ellipse K 


The equation of AK has the form 

x2? 

ast 
with a = V2 and b = 2. Since a < b, the ellipse K is not in standard 
position, but this does not matter for our current purpose. 


The original curve LZ is obtained by rotating the ellipse K through the 
angle of inclination 6 ~ 18° anticlockwise about the origin. Thus L is also 
an ellipse, as shown in Figure 4.5. 


The two broken lines are the 
axes of symmetry of the 
ellipse L. 


Figure 4.5 The quadratic curve L = rg(K) 
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We make some remarks about the techniques used to solve problems of 
this type. 
1. The method used in Example 4.1 for finding the values of cos? 9, 
sin 8cos@ and sin’ 6 from the value of tan(20@) avoids the inaccuracies 
which might occur if we use an approximate value for @. 


2. If @ lies in the interval (—47, 47), then we can find cos(2@) and sin(26) 


from tan(20) either by using an appropriate right-angled triangle (as in 
Example 4.1) or by using the formulas 


1 
cos(20) = ———————, __ sin(20) = ee 


1 + tan? (26) \/1 + tan*(2 iy 


These formulas are obtained from equations (3.3), on replacing @ by 26. 


We can take the + sign in both cases here because, for 6 in (—47, 57), 


(4.7) 


See Figure 3.2. ©  cos(20) is positive; 
©  sin(20) and tan(20@) have the same sign. 
3. In cases like xy — 1 = 0, discussed in Subsection 4.1, where 6 = aT, we 
have cos 6 = sin@ = 1/2. So 


cos? 6 = sin? 6 = sin @cos@ = = 


4. If D=E=0, as in Example 4.1, then D’ = E’ = 0. In this case K isa 
curve with equation of the form A’x? + C’y? + F’ = 0 and so is usually 
an ellipse or hyperbola. Such an ellipse or hyperbola must either be in 
standard position or it can be obtained from an ellipse or hyperbola in 


See Chapter A2, standard position by exchanging the roles of the z- and y-coordinates, 
Activity 2.1(b). that is, by reflection in the line y = z. 
An ellipse in reflected standard position has an equation of the form 
2 2 
x Y 
a tgp a (where b>a> 0). 
For example, the equation A hyperbola in reflected standard position has an equation of the form 
2 2 2 2 
9 ie ee | i 
i ee (where a > 0 and b > 0). 
represents an ellipse in ” b 
reflected standard position Figure 4.6 illustrates an ellipse and a hyperbola in reflected standard 
and the equation position, showing their vertices and the asymptotes of the hyperbola. 


—27/10+ y7/3=1 


represents a hyperbola in 
reflected standard position. 


2 2 
a= = 22 eee (b) ==. 4-21 -{o >O Dime) 


Figure 4.6 Ellipse and hyperbola in reflected standard position 
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Therefore a quadratic curve L with equation of the form 

Ax? + Bry + Cy? + F =0, where B # 0, is usually an ellipse or 
hyperbola, with one axis of symmetry inclined at an angle 0, where 
—i0 oO < aT, to the positive x-axis; this explains why @ is called the 
inclination of L. 

The curve L is obtained by rotating the ellipse or hyperbola K through 
the angle @ (anticlockwise if 9 > 0 and clockwise if 6 < 0). Thus, in 
order to sketch L, you need to be able to draw an angle of 6, at least 
approximately. ‘To do this, if no protractor is available, it is sufficient 
to estimate what fraction of a right angle @ is. Using your estimate, 
you can draw the axes of symmetry of L, one of which is inclined at an 
angle @ to the positive x-axis (as in Figure 4.5). Finally, sketch L by 
rotating your sketch of K through angle @ and copying it (by eye or by 
tracing it). 


Here is a summary of the method used in Example 4.1. 


Strategy 


To sketch a quadratic curve L with equation 


i: 


Az? + Bry+Cy?+F=0 (where B+ 0). 
Find the inclination @ of L, given by 


Tr, i A: &; 
é= 


B . 
arctan (==) , LAFAC. 


Obtain the coefficients of the equation A’r? + C’y? + F’ =O of K, 
using equations (4.6). 

Sketch the conic K. 

Sketch L = rg(K) by rotating the sketch of K through 0. 


You are now asked to use this strategy to sketch a quadratic curve. 


Activity 4.3 Sketching a quadratic curve 


Let 


L be the quadratic curve with equation 


2° + 12¢y + 6y* — 30 =0. 


Use the above strategy to sketch L. 


A solution is given on page 52. 


The strategy enables us to sketch any conic L with equation of the form 
Az? + Bry + Cy? + F = 0 as the rotation of an ellipse or hyperbola K in 
standard position or reflected standard position. In Section 5 we plot such 
quadratic curves L by rotating the known parametrisations for K. 


Finally, we briefly mention quadratic curves with equations like 


9r* — ry + 16y? — 10x — 70y — 75 = 0, 


which have a non-zero xy-term and also non-zero x and/or y terms. The 
technique based on equation (4.5) for eliminating the ry-term by rotation 
works equally well in this case. The only difference is that elimination of 


the 


xy-term results in a congruent curve K whose equation contains 


In this strategy, 
D=(Q and & =U, as in 
Example 4.1. 
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non-zero x and/or y terms. But, as described at the beginning of this 
section, such curves K can usually be recognised as ellipses, hyperbolas or 
parabolas. 


In summary, all quadratic curves, except for certain degenerate cases, are 
ellipses, hyperbolas or parabolas. This answers the question posed about 
quadratic curves at the beginning of Chapter A2, Section 4. 


Summary of Section 4 


This section has introduced: 
© the inclination 6 of a quadratic curve; 


© astrategy for removing the cross-term from the equation of a 
quadratic curve by rotating the curve through the angle 6; 


© the idea that every quadratic curve is, except for degenerate cases, an 
ellipse, hyperbola or parabola.. 


Exercises for Section 4 


Exercise 4.1 


Use the strategy to sketch the quadratic curve L with each of the following 
equations. 


(a) 8x27 + 4ry + 5y* — 36 = 0 
(b) x? —10ry+y° +8=0 


5 Isometries on the computer 


To study this section you will need access to your computer, together with 
the Mathcad files and Computer Book for Block A. 


This section shows how the computer can be used to translate, rotate and 
reflect triangles and conics. 


Refer to Computer Book A for the work in this subsection. 


Summary of Section 5 


After studying this section, you should be able to use the computer to: 
© draw triangles: 


© define translations, rotations about the origin, and reflections in lines 
through the origin, and apply them to triangles and conics. 
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In this chapter the idea of a function has been developed by using 
functions to describe various geometrical phenomena in the plane R’. 
particular we have introduced parametrisation functions, which ee 
curves in R*, and we have introduced isometries, which describe rigid-body 
motions of figures in R°. The latter enable us to sketch non-degenerate 
conics by expressing them as images of a conic in standard position or 
reflected standard position under an isometry. 


Learning outcomes 


You have been working towards the following learning outcomes. 


Terms to know and use 


Function, domain, codomain, rule, image, image set, parametrisation 
function, function of two variables, surface and contour plots, 

isometry, translation, rotation and reflection functions, self-inverse, 
glide-reflection, composite isometry, the trigonometric sum / difference / 
double- and half-angle formulas, the Pythagorean identity, cross-term, 
inclination of a quadratic curve, reflected standard position. 


Symbols and notation to know and use 


© The two-line notation for functions. 


© The image f(x) of an element x, and the image f(S) of a set S. 
© IR° for the Cartesian plane. 

© rz for rotation, gp for reflection, and t,,, for translation. 

© o for composition of functions. 

Mathematical skills 


© Write down a parametrisation function for a conic in standard position. 


© Write down an algebraic description for a function that represents a 
translation, a rotation about the origin or a reflection in a line through 
the origin. 


© Determine the composite of two simple isometries. 


© Give a geometrical interpretation for an isometry that has been 
expressed algebraically. 


© Express (up to a choice of + or — sign) any one of the trigonometric 
ratios sin, cos @, tan 6, cosec 0, sec ™, cot # in terms of any other. 
Determine the sign by reference to the quadrant in which @ lies. 


© Use the sum, difference, double-angle, or half-angle formulas, to obtain 
new exact values of trigonometric functions from existing exact values. 


© Find the inclination of a quadratic curve. 


© Sketch a quadratic curve of the form Ax? + Bay + Cy? + F =0 by 
eliminating the ry-term. 


SUMMARY OF CHAPTER A3 


Mathcad skills 
© Plot triangles. 


© Apply translations, rotations about the origin, and reflections in lines 
through the origin, to triangles and conics. 


Ideas to be aware of 


© Curves (including non-degenerate conics) may be represented by 
parametrisation functions. 


© Every isometry of R’ isa translation, rotation, reflection, or 
elide-reflection. 


© Every quadratic curve is, except for degenerate cases, an ellipse, 
hyperbola or parabola. 


Summary of Block A 


This block has introduced three key topics: 

© linear second-order recurrence sequences; 

© conics; 

© functions whose domain and/or codomain is R*. 


You saw in Chapter Al that there is a strategy for finding closed forms of 
many linear second-order recurrence sequences, including the Fibonacci 
sequence, and also that patterns can often be found in the terms of these 
sequences. 


In Chapter A2 you saw how to sketch those non-degenerate conics which 
are either in standard position or are translations of conics in standard 
position. 


In this chapter you met isometries, including rotations, reflections and 
translations, and saw that other conics can be sketched by using rotations, 
reflections and translations of conics in standard position. 


Amongst the topics in Block B, you will learn more about recurrence 
sequences. You will also meet a new method of representing certain types 
of functions, including isometries, from R* to R’. This new method uses a 
mathematical object called a matrix, which is a rectangular array of 
numbers. Matrices can be combined using operations such as addition and 
multiplication which are similar, but not identical, to the corresponding 
operations on numbers. The use of matrix multiplication will help us to 
understand the long-term behaviour of certain recurrence sequences. 
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Solutions to Activities 


Solution 1.1 
The point (5,1) lies on EF because 
5(5— 2)? + H(1-1)? = $7? + HP =1. 


If (5,1) is translated two units to the left and one 
unit down it ends up at the point 


(5 — 2,1 —1) = (3,0). This point lies on the ellipse 


x? + sy? = 1] because 


pe) a0) = 1. 


Solution 1.2 
In this case t(x, y) = (a — 2,y — 1), so 
t(1, -3) = (1 — 2, -3 — 1) = (-1, —4), 
12.7) = 2 =2,7—]) = (©, 5), 
t(—2,4) = (-2 — 2,4-—1) = (-4,3). 
Solution 1.3 


The function that maps the ellipse su" —_ sy? et 
back onto EF must translate points two units to the 
right and one unit up. In other words, ¢ is the 
function defined by 


i: ik? —- R° 
(2, y) + (e+ 2,9 +1). 


Solution 1.4 
Here p(t) = (2+ 3cost,1+ 2sint), so 


p(t) = (2+ 3cos(m), 1+ 2sin(7)) = ( 
D (<7) = (2 + 3cos (<7) ,1+2sin ($7)) 
0 


These are the points of E shown below. 


Figure S.1 


As t ranges through the interval [0,27] the image p(t) 


traces out the ellipse FE’, so the image set of p is EL. 
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Solution 1.5 


(a) The circle has radius 2 and centre (2,5), so it 
has parametric equations 


go 2 + Dees lar = 5 Soden (0s t= 27). 


Thus the circle has parametrisation function 
p: 0,2] —> R° 
tr (2+ 2cost,5+4+ 2sint). 
(b) This is a parabola in standard position 
yo = See, 
with a = 2, so it has parametric equations 
c=, HAE. 
Thus the parabola has parametrisation function 
p:R— R? 
tr (2t?, 4t). 


(c) This is a hyperbola in standard position 


ia y 


i 
with a = V3 and b = V10, so it has parametric 
equations 


a V3 sect, y= V10tant 
(-in<t<$n,57<t< $n). 
A parametrisation function for the right branch 
is thus 
p: (—57, 57) 4 


tr— (V3sect, V10 tant). 


Solution 2.1 
(a) The required translation is 
14,42 . R? ———s R? 
(x,y) > (@ + 3,y — 2). 
(b) Under this translation the points (2,1), (5,3), 
(3,4) map to the points (5, —1), (8,1), (6, 2), 
respectively. It follows that the triangle 7’ maps 


to the triangle T’ with vertices at (5, —1), (8, 1) 
and (6,2), as shown below. 


Figure S.2 


Solution 2.2 


(a) The inverse of the translation t3 —2 in 

Activity 2.1 is 
t_39 : R? —- R? 
(,y) — (0 —3,y +2). 

(b) Under this inverse the vertices (5, —1), (8,1), 
(6,2) of triangle T’ map back to the vertices 
(2a), (S, 4) of TS0t_3 5(T’) =T, as 
expected. 


Solution 2.3 


The following figure illustrates the effect that the 
translations have on a triangle. First t3 6 moves the 
triangle three units to the right and six units up, 
then ¢;,—2 shifts the triangle a further one unit to the 
right and two units down. 


ti, =2 Of3.¢ 


Figure S.3 


Overall the composite t; 2 o t3,.6 shifts the original 
triangle four units to the right and four units up. In 
other words, 


ty, -2 Olg.6 = ty. 


Solution 2.4 


(a) Prior to rotation the triangle T has a side of 
length 3 along the z-axis and a side of length 2 
parallel to the y-axis. After rotation the triangle 
ends up in the second quadrant with the side of 
length 3 along the y-axis and the side of length 2 
parallel to the x-axis, as shown below. 


Figure 8.4 


SOLUTIONS TO ACTIVITIES 


(b) It follows that the point (3,2) rotates to the 
point (—2, 3). 


Solution 2.5 


The coordinates of the images of the points under 
Tx/2 are as follows: 

rn/2(—8)2) = (—2, 8), 

r./2(1,0) = (0,1), 

rx /2(0, 1) a Pe, 

(2, —3) = ©, —2). 


The effect of 7/2 on the points is shown below. 


Figure 8.5 


Solution 2.6 


Consider the projection of the sides OQ’ and Q’/P’ 
onto the y-axis, as indicated by the dotted lines in 
the figure below. 


v cos 9 


Yy 
usin @ | 
O 


Figure 8.6 


From the figure, observe that the projection of Q’ P’ 
has length v cos 6, and the projection of OQ’ has 
length usin @. The y-coordinate of the point P’ is 
therefore usin @ + uv cos @. 
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CHAPTER A3 FUNCTIONS FROM GEOMETRY 


Solution 2.7 
(a) Substituting the values 


cos7=-—1 and sinz7=0O0 


into the general equation for a rotation about 
the origin, we obtain 


rR? — R 
(x,y) +> (—a, —y). 
Under this rotation the point (1,0) is sent to the 


point (—1,0), which is what you would expect 
from half a turn about the origin anticlockwise. 


Substituting the values 

1 
v2 v2 
into the general equation for a rotation about 
the origin we obtain 


and sin (47) = 


cos (1m) = 1 


4 


Prj4R? —> R 


| V2. V2 
Under this rotation the point (1,0) is sent to the 
point (1//2,1/V2), which is what you would 


expect from an eighth of a turn about the origin 
anticlockwise. 


Substituting the values 


sin (—47) =-iV3 


and : ; 


cos ($n) = -} 


into the general equation for a rotation about 
the origin, we obtain 


F—2/3 : R? eniprntys R? 


(x,y) (-}2 + 3v3y, —V ae — by). 


Under this rotation the point (1,0) is sent to the 


point (—, —i V3), which is what you would 
expect from one third of a turn about the origin 
clockwise. 

Solution 2.8 


(a) The composite is a rotation through the angle 
51 - aT sa 2 Tr. Since this angle lies in the 
interval (—7, 7], the required answer Js 75,7 /¢6- 


Here the composite is a rotation through the 
angle om + 51 = or, To bring this angle into 
the interval (—1,7] we subtract 27. The 
required answer is therefore r_5,/6- 


(b) 


In this case the composite is a rotation through 


the angle am — 51 = oT. Since this angle lies 


in the interval (—7, 7], the required answer is 
V_7/6> 


90 


Solution 2.9 


(a) 


A reflection in the x-axis fixes (1,0) and (0,0), it 
sends (0,1) to (0,—1), and it sends (1,1) to 
(1,-1). 


Figure S.7 


In general, the reflection acts on each point by 
reversing the sign of the y-coordinate and 
keeping the x-coordinate fixed. We can therefore 
write the reflection in the z-axis in the form of a 
function as follows: 


2 R? 
(x,y) rot (zx, =a}. 


Reflection in the line y = x swaps (1,0) and 
(0,1) and leaves (0,0) and (1,1) fixed. 


Figure S.8 


In general, the reflection acts on each point by 
swapping its x- and y-coordinates. We can 
therefore write the reflection in the line y = x in 
the form of a function as follows: 


ee R? 
(x,y) > (y, 2). 


SOLUTIONS TO ACTIVITIES 


(c) Reflection in the line y = —x sends (1,0) to so in this case the function is 
(0, —1), it sends (0,1) to (—1,0) and it sends ee Ce 
(1,1) to (—1,—-1). The point (0,0) remains fixed. oo 


(1, y) > (y, 2). 
As you saw in Solution 2.9(b), this is a reflection in 
the line y = z. 
_ Clearly rogq is not the same as gor. For example, 
(0, 1) oe roq(1,0) = (0,—1), whereas go r(1,0) = (0,1). 
Sou Solution 2.12 
(1, 0) For 6 = $7 (i.e. 30 degrees), we have 
(—1,0) ‘i cos(20) = 4 and sin(20) = 4V3. 
The function for the reflection in @ is therefore 
° @ 


a. in je: : ae 
a) Ge aagy pv 82 + Sy). 
Figure S.9 Solution 3.1 


In general, the reflection acts on each point by (a) By equations (3.2), 


swapping the x- and y-coordinates and reversing er eee ee 
their signs. We can therefore write the reflection ena (3) : v3 
in the line y = —~ as follows: and 
. R2 2 Z 1 
7: —R tan @ = -——+—_—— — +. 
(x,y) > (-y, 2). 1— (2) V3 
Solution 2.10 Since 57 < 6 < 7, cos@ and tan@ are negative, so 
Each leaf motif can be sent onto its right-hand cos @ = —3Vv3, tan dé = —1/V3. 


neighbour by first reflecting it in a horizontal line 


and then translating the reflection to the right, as (Alternatively, you could use the fact that 


ais 
shown below. (Alternatively, the reflection may be 0 = 57/6!) 
preceded by the translation.) (b) By equations (3.3), 
1 
cos 8 = +————_—. = +2 
1+ (-§) 
and 
=e 
sin 0 — - 4 = +3 
o yo 
Sad Gee 


Since —in <4< 0, cos@ > 0 and sin@ < 0, so 


Figure S.10 


_ 4 
cos @ = =, 


Solution 2.11 (c) Since @ lies in interval (0,47), we can make use 
of the triangle in the figure. We obtain 


sin 6 = = 13 .and tand = 2V13. 


: oes 
sing: = 


For r oq we have 
r (q(x, y)) =r(z, -y) = (-y, -2), 
so the required function is 


rog:R? — R’ 


x,y) > (—-y, -2). 
(x,y) +> (—y, -2) < Jae 
As you saw in Solution 2.9(c), this is a reflection in =i 
the ime y = —z. 
ye e 
For gor we have 6 
q(r(z,y)) = aly, -2) = (y, 2), Figure S.11 
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Solution 3.2 
We have 


= tan (47) + tan (37) 
: 1 — tan (47) tan 51) 
2c) 
—_——— = -2- V3 
t[=—Exwe ye 


after rationalising the denominator. 


Solution 3.3 
We have it = aT — aT, SO 
sin (37) = aul (47 3 +1) 
= sii (47) cos (47) — 608 (47) sin (47) 


V3 x 1V9—3 x bV2 


cos (57) ==_006 (40 - +7) 
= Cos (47) COs (47) + sin (47) sin (47) 
x 1V2 + iV3x 1V2 


(v2+ v6), 


Ble Nlre 


T) = tan (47 a 51) 
tan(47) — tan(;7) 


1 + tan(47) tan(47) 


tan ( 


Sita 
ea va 


after rationalising the denominator. 


Solution 3.4 
By the tangent sum formula (3.7), 


tan 6 + tané 
tan(26) = tan(@+ 0) = 1 — tan 6 tan 6 


as 2tané 
“4 =e 


Solution 3.5 


Since @ lies in (0, 51), cos @ and sin @ are positive, so 


oS oe 
cos 6 = 5 = mae eg ero 
and 
Se eee 
sin 0 = 5 = , ie 
2 


| 


=, 


V1. 


Solution 4.2 
If we substitute 
x= ucosé—vsind and y=usiné+vcosé 
into the equation 
Ax? + Bey + Cy* + Dx + Ey+ F =0, 
then we obtain 
A(ucos @ — vsin 6)? 
+ B(ucos 6 — vsin @)(usin 6 + v cos 8) 
+C(usiné + vcos 6)? 
+D(ucos @ — vsin@) 
+E(usin 6 + vcos 6) 
+F' = 0. 
Multiplying out the brackets, we obtain 
A(u? cos? @ — 2uv cos 6 sin 6 + v7 sin? 0) 
+B(u? cos sin 6 + uv(cos” 6 — sin* 6) 
—v" sin 6 cos 8) 
+C(u? sin? 6 + 2uv sin 6 cos 6 + v? cos” 6) 
+D(ucos @ — vsin@) 
+E(usin 6 + vcos @) 
+F = 0. 
In order to rewrite this in the form 
Alu? + Blouv+ Cv? + D'u+ E'v+ F’ =0 


2 


we collect together the coefficients of u*, uv, Vv’, etc. 


This gives 
(A cos? 6+ Bcosé@sin@ + C sin? 0) u- 
+ (2(C — A) sin 6 cos 6 + B(cos? 6 — sin? 6)) wv 
+ (A sin? @ — Bsin @cos 6 + C cos? 0) v" 
+ (Dcos 6+ E'sin®@) u 
+ (—Dsin@+ Ecos @) v 
+F = 0. 
From this we can read off the new coefficients: 
A’ = Acos? 6+ Bcos@sin6@ + C sin? 6, 
B’ = 2(C — A)sin @cos6 + B(cos* 6 — sin’ 0), 
C’ = Asin? 0 — Bsin@cos 0 + C cos? 6, 
D' = Dcos6+ Esin8, 
E' = —Dsin@ + Ecos9, 
FSF. 


Solution 4.3 


Step 1: Here A=1, B=12 and C =6, so 
B/(A—C) = 12/(—5) = —2.4. Thus the inclination 
is 


) = 4 arctan (—2.4) ~ —0.588 radians, 


which is approximately —34°. 


Step 2: Since tan(20) = B/(A — C) = —12/5, 
equations (4.7) give 


cos(20) = 1/,/1+ (-#)? = 4, 


and 


sin(20) = —¥/,/1+ (-#)? =-#. 


By the half-angle formulas, 


cos*O=4(1+3)=3 


13° 
Stites) a al 
and 
sin @cos@ = 5 x (-14) = —%, 
Hence, by equations (4.6), 
A'=1x 34+12x(-§)+6x 4 =-3, 
C/=1x 4 -12x(-48)+6x 3=10 


Abo? = F =—20, 
Hence the equation of K is 
—3x7 + 10y? — 30 = 0: 


that is, 


2 2 
10 3 


Step 3: This is a hyperbola in reflected standard 
position, with a = 10 and b = V3, sketched using 


Figure 4.6(b). 


Figure S.12 


Step 4: Since L = rg(K), where @ is approximately 
—34°, we can sketch L as follows. (Note that 34° is a 


little over one-third of a right angle.) 


SOLUTIONS TO ACTIVITIES 


Figure 8.13 


In Figure $.13 the asymptotes of I are shown, but 
this is not essential. Note that you could have 
included K in Figure $.13, as was done in Figure 4.5, 
though this might make the figure rather confusing. 


03 


Solutions to Exercises 


Solution 1.1 


(a) Let us first rewrite the equation of the curve in 
the form 


g* — y* —4e +6y —6 = 0. 


After completing the squares, we obtain the 
equivalent equation 


(x — 2)? —(y—3)? -4+9-6=0; 
that is, 
(c+ 2! =y= a= 


It follows that the quadratic curve is a 
hyperbola that can be moved into standard 
position by translating two units to the left and 
three units down. The translation function that 
achieves this is 


t: R? — R° 
(x,y) > (4 — 2,y — 3). 
The image of L under t is the hyperbola A with 
equation 
ar eed, 
(b) To map the image hyperbola kK back onto the 
quadratic curve L we need to translate it two 


units to the right and three units up. The 
translation function that achieves this is 


i « 
(2.g) (ase 


(c) The hyperbola x? — y? = 1 has parametric 
equations 


es Gect, y= tent 
(-—$7<t< tm, 50 <t< 3 7) 
so the hyperbola (x — 2)? — (y — 3)? = 1 has 
parametric equations 


£=2+s0ect, a—37 tnt 


1 1 Z 3 
(—in<t<$n,5n<t< $n). 


A suitable parametrisation function for the right 
branch of L is therefore 


Pp: (—57, 51) = R° 


tr—> (2+sect,3 + tant). 


There is a similar parametrisation function for 
the left branch of L, with the same rule but 
domain ($7, 37). 
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Solution 2.1 
(a) The inverse of ts5-3 is t_5,3. 


(b) The composite tz,-3 0 t4,5 is to44,-345 = t6,2. 


Solution 2.2 


(a) The inverse of rgq/3 is T_on/3. (The angle —27/3 
lies in the interval (—7, 7].) 


(b) The composite r3q/5 0 Tan/5 18 T7/5 = T—30/5- 
(The angle 77/5 — 27 = —37/5 lies in the 
interval (—7, 7].) 


Solution 2.3 


(a) The required translation is 
(3 =: ee 
(x,y) > (x — 3,y — 2). 
(b) The required rotation is obtained by 
substituting 6 = —7/3 into 
Te: aera og 
(x,y) > (xcos@ — ysin#, x sin# + ycos@). 
Since 
cos (—$7) == and sin (—37) = —5V3, 
the required rotation is 
C7 Yaa 
ay (2480, en) 


(c) Since V3 = tan(7/3), the line y = 3a makes an 
angle 7/3 with the positive x-axis, so the 
required reflection is obtained by substituting 
f= 1/3 inte 

do: R? = R? 
(x, y) > (x cos(26) + ysin(26), 
x sin(2@) — ycos(26)). 
Since 
cos (47) = 5 and sin (47) = 1/3, 
the required reflection is 
Un /3 * nd 


~2 +/3y V3a+y 
1 4 


Solution 2.4 
For go f we have 
g(f(x,y)) = g(y, 2) = 
so the required function is 
go f:R? — R? 
(x, y) — (y+ 2, + 2). 


(y+ 2,2 + 2), 


As you saw in Activity 2.9(b), f is a reflection in the 
line y = x; also g is a translation parallel to y = x 
(two units up and two units right). Hence go f isa 
glide-reflection in the line y = z. 


Solution 3.1 


We have 
sin (35r) = sin (24 +47) 
= sin (77) cos (57) + cos ($7) sin (§7) 
= (3v2) ($v3) — ($v2) (4) 
= 3 (v6 - v2). 
Also 


tan($7m) + tan(47) 
1 — tan($7) tan(47) 


- 84 3. 


after rationalising the denominator. 


Solution 3.2 


Since @ lies in (0, 57), it follows that cos @ and sin 6, 
are positive, so 


aane —— oa b= ff =2, 
as —) jlt+s 5. / i 


and 


SOLUTIONS TO EXERCISES 


Solution 3.3 


Since cot 6 = —, we have tan@ = — and it 
5 ie 


follows by equation (3.3) that 


1 
cos @ = +————_—. = +22 


a3 . 
ears 


Since 51 <64< 7, we have cos @ = —i2. 


Solution 4.1 


(a) The inclination 0 of L satisfies 
B 4 
tan(26) = = —_ = 
ee 
so 6 = $ arctan (4/3) ~ 0.464 radians 
Seek cnicls 27°). Since tan(20) = 
triangle, gives 


cos(20) = 2 and sin(20) = # 


Co] 


4 a 3-4-5 


By the half-angle formulas, 
cos’ 6 = $(1+ 3) = 2, 
sin? @ = 1(1 — 3) = 2, 

and 


sin@cos@ = = x : = 


oun 


1 
2 
Hence, by equations (4.6), 
A'=8x24+4x24+5x 
= 1 2 
C"=8x--4x24+5x 
Since F” 


aS 
=e S 


= fF’ = —36, the equation of K is 


gy? 
= fe s i 
Hence K is an ellipse in reflected standard 
position with a = 2 and 6b = 3, and L is obtained 
by rotating kK anticlockwise by approximately 
27°. (Note that 27° is a little less than one-third 


of a right angle.) 


OU Oe 


9xr* + 4y* —36=0; that is, 


Figure S.14 


eye) 
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(b) The inclination @ of L is iT, since A= C' = 1, so 
cos? 6 = sin’ @ = sin@cos@ = 5. 
Hence, by equations (4.6), 
Aa1x 5 ers 
C'=1x5+10x5+1x 


= —4, 
= 6. 


NR N|e 


Since F’ = F = 8, the equation of K is 
2 2 a ; — oe 
—47°+6y°+8=0; thatis, 50° -7Zy = 
Hence K is a hyperbola in standard position 
with a = /2 and b= 2//3, and L is obtained 
by rotating K anticlockwise by 7/4 radians. 


< Y ra 7 
® ra 
— s / y= 1/22 
=< Za V3 
os Ze fk. 
oe ea 
<ae- 3 


m4 to 3 L 
/ ee ss N 
es sg 
2 bie 
ae ig 
- . bei 2 S 2 + 
7 ea y 3 
x he 


Figure S.15 


Here K and L are shown on the same figure, but 
the asymptotes of L are not included. 
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